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In this paper we suggest a realization of the SU(N) Kondo effect, using quantum dots at strong
magnetic field. We propose using edge states of the quantum Hall effect as pseudo spin that interact
with multiple quantum dots structures. In the suggested realization one can access each pseudo spin
separately and hence may perform a set of experiments that were impossible until now. We focus
on the realization of SU(2) and SU(3) Kondo and find in the unitary limit a conductivity of 3/4
quantum conductance in the SU(3) case.
PACS numbers: 71.27.+a, 72.10.Fk, 75.20.Hr
Introduction: At low temperatures, magnetic impuri-
ties inside a metallic host can significantly affect the be-
havior of the conduction electrons. This phenomenon,
known as the Kondo effect (KE), has been studied for
more than forty years [1]. In the last decade, realiza-
tions of KE with quantum dots (QDs) have enabled many
new experiments, including measurements of transport
properties such as conductance, phase shift and noise [2–
5]. KE in QDs can be achieved when a QD is attached
to leads. As we decrease the temperature to below the
charging energy of the dot the conductance is suppressed
due to Coulomb blockade [6]. If the ground state of the
dot carries spin 1/2, lowering the temperature even fur-
ther increases the conductance due to the KE, reaching
2e2/h at zero temperature. The temperature at which
the behavior of the conductance changes, denoted by TK ,
is called the Kondo temperature. Weakly breaking the
spin SU(2) symmetry (e.g. with a small magnetic field,
B ≪ TK) does not change the hierarchy of energy scales
and the low energy nature of the Kondo physics [6].
In the KE, a single channel of electrons, with spin up
and spin down, interacts and screens a single level dot
with spin up or spin down. This is the single channel
SU(2) KE. Here we generalize this system to have N
flavors instead of spin up and spin down such that we
realize the SU(N) KE [7–9]. This should not be con-
fused with the situation of the k-channel SU(2)-KE [10].
There are therefore N species of spin-less-like electrons
in the leads, which are rotated into each other by SU(N)
transformations. This model is called the SU(N)-level
1 model, and it flows to one of N possible renormaliza-
tion group (RG) fixed points, depending on the details
of the impurity. All these fixed points are described by
Fermi-liquid (FL) theories. However, physical systems
that exhibit SU(N > 2) KE are rare, usually complex
and in practice limited to N = 4, where the spin and an-
other degree of freedom are exploited to form a four-fold
degeneracy. Examples of such systems are: Double QD
systems [11–14], triangular triple QD systems [15] and
carbon nanotubes [16–18].
In this paper we suggest a new realization of the KE
and its generalization to SU(N), using edge states of the
quantum Hall effect that interact with QDs (see Fig. 1).
The basic building block that we use is a QD coupled to
the edge state of an integer quantum Hall liquid. The
Hamiltonian of a single building block is therefore:
H1 =
∑
k
ǫkψ
†
kψk + ǫgd
†d+ (W
∑
k
ψ†kd+ h.c.). (1)
The edge state is described by a chiral spinless fermion,
ψ. The operator d† populates the QD, which is assumed
to have a single energy level ǫg that is controlled by an
outer gate. W is the tunneling coefficient. Consider N
such building blocks as drawn in Figs. 1a,1c for N = 2, 3.
We assume a large repulsive interactions between the dots
and there is no tunneling between them. In the N = 2
case, the two blocks act as up and down pseudo-spins
and the system realizes the SU(2)-Kondo physics. By
using N building blocks, we obtain the SU(N)-Kondo.
For concreteness, in this manuscript we focus on the case
N = 3 as it is relatively easy to construct, yet rich enough
to exhibit most of the features of the larger N cases.
The systems that we suggest contain QDs with strong
Coulomb interactions between them but very small tun-
neling between different dots (smaller than TK). Double
QDs systems fulfilling even stricter conditions already
exist [19–22] with good control over the couplings to the
leads, the gate voltages, and with practically zero tunnel-
ing between the dots. The implementation of KE due to
the Coulomb interactions in those systems was demon-
strated [19, 21, 22]. Promising triple QDs systems are
also experimentally available [23, 24] making the current
proposed realization of SU(3)-Kondo reasonably possi-
ble. We want to stress that obtaining the SU(N) Kondo
physics at low energies (IR) does not require a high ac-
curacy of the symmetry between the N different blocks.
As long as the deviations from the symmetry are not rel-
evant under RG, the system exhibits Kondo physics in
the IR.
Besides the ability to realize SU(N) Kondo, the sys-
tems that we suggest have more advantages: First, as
our realization is based on edge states it can be easily
2integrated into an electronic Mach-Zehnder interferome-
ter, allowing accurate phase shift measurements. Second,
our realization allows measurements of a single pseudo-
spin (or generally a single flavor) transport. Third, we
can break the SU(N) symmetry, potentially allowing a
non Fermi liquid behavior such as in the two impurity
Kondo model and its generalizations [7]. Fourth, it paves
the way to possible generalizations to fractional quantum
Hall edges, which may show a richer structure.
In the bulk of the manuscript we show the following:
- In the first part we discuss the possible FL theories
that can be obtained in the suggested SU(N) systems
and discuss the accuracy of the required symmetry.
- In the second part we calculate the single flavor trans-
port properties in the N = 2, 3 systems at relatively high
energies (UV). We show that these are different from the
total current transport properties. For example at the
SU(2) case, single pseudo-spin transport exhibits a Fano
factor F = 7/9, whereas the total current Fano factor is
F = 5/9 when both spins are equally biased.
- In the third part we discuss the IR limit and show
that the conductivity forms a Kondo-like plateaus with
fractional conductivities e
2
h sin
2(π/N). For example for
N = 3 it gives 34
e2
h . We also show that unlike the to-
tal flavor current, distinct flavor current-current cross-
correlators receive O(1/TK) corrections making them ac-
cessible to experiments at finite frequency.
A new realization of SU(N): The Hamiltonian that
describes a system with N building blocks is:
HN =
∑
α=1...N
∑
k
ǫkψ
†
kαψkα + ǫg
∑
α
d†αdα (2)
+
(
W
∑
α
∑
k
ψ†kαdα + h.c.
)
+
∑
α<β
Uαβd
†
αdαd
†
βdβ .
The indices α, β label the different building blocks and
Uαβ is the charging energy between the dots α and β. We
have made the assumption of identical sub-systems (that
is ǫk ,W and ǫg are flavor-independent), and we assumed
that there is no tunneling between the dots.
These assumptions are not crucial. Small differences
between the energies of the dots and small changes in
the tunneling coefficients have an effect similar to a small
magnetic field and a small exchange field in the familiar
SU(2) KE. We therefore only require that the differences
are small compare to the Kondo temperature: ∆ǫg ≪ TK
and |∆W |2/ǫg ≪ TK . Jumping ahead, these deviations
from the symmetry will at most change the IR behavior
by marginal operators and the conductance through fla-
vor i would be given by e
2
h sin
2(πni) (ni is the average
occupation of the ith dot). Small tunneling terms be-
tween the dots (tαβd
†
αdβ + h.c.) can be mapped to small
differences in the energies of the dots by simply rotating
the dots’ basis, we only require that |tαβ | ≪ TK .
Let us assume temporarily identical charging energies,
Uαβ = U . In this case the Hamiltonian (2) possesses
(a) (b)
(c) (d)
Figure 1: (a) Realizing SU(2) Kondo using two edge states
and two quantum dots. Electrons can tunnel from each edge
state to its nearest dot. There is a strong coulomb interaction
between the dots. The left/right sub-systems act as different
pseudo spins. This realization allows phase shift measure-
ments. (b) Realizing SU(2) Kondo using four edge states
and two quantum dots. The edge states are split to allow
an independent transport measurement of each pseudo-spin.
(c) Realizing SU(3) Kondo using three edge states and three
quantum dots with strong coulomb interaction between them.
Electrons can tunnel from edge state to the nearest dot only.
The three sub-systems act as different flavors. (d) Realiz-
ing SU(3) Kondo using four edge states and three quantum
dots. Here, we split the upper edge state to allow transport
measurements between the two new upper edge states.
a SU(N) symmetry acting on the states of the dots by
Si =
∑
α,β d
†
αT
i
αβdβ , where T
i are the N ×N generators
of SU(N). Havingm electrons in the dots amounts to an
impurity in a representation of SU(N) with m anti sym-
metrized indices, each in the fundamental representation
[7, 8]. We will discuss below to what extent different m’s
can be realized, but for now we consider a general m.
In this case, after a Schrieffer-Wolff transformation the
Hamiltonian (2) is:
HK =
∑
α
∑
k
ǫkψ
†
kαψkα + J
∑
i
∑
α,β
∑
k,k′
ψ†kαT
i
αβψk′βS
i,
where J ∼ W 2/U and the index i runs over the N2 − 1
SU(N) generators. Conformal field theories with SU(N)
Kac-Moody level 1, which is the case here, have N gaus-
sian invariant boundary states that correspond to N pos-
sible FL fixed points of the RG. The natural conjecture,
supported by the Friedel sum rule, is that populating the
array of dots by 0 ≤ m < N electrons leads to a flow to
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Figure 2: SU(2) system: (a) The conductivity of a single
pseudo spin at high temperature (T ≫ γ) for two different
T/U ratios. We choose the Fermi energies of the leads to be
zero. The Coulomb peaks are not exactly centered around
0, −U due to the asymmetry between empty/occupied states
near the peaks. (b) Self consistent Hartree solution of the
zero temperature conductivity of a single pseudo spin for two
different γ/U ratios. SU(3) system: (c) The conductivity of
a single flavor at high temperature (T ≫ γ) for two different
T/U ratios choosing the Fermi energy to be zero. The outer
peaks are not exactly centered around 0, −2U due to the
asymmetry between empty/occupied states near the peaks.
(d) Self consistent Hartree solution of the zero temperature
conductivity of a single flavor for two different γ/U ratios.
each of these boundary states, characterized by boundary
conditions ψi(x = 0
+) = e2i
mpi
N ψi(x = 0
−).
We now discuss the feasibility of the SU(N) picture
and the possible m’s where we release the restriction of
identical charging energies. Here we describe only the
limit |ǫg| ≪ Uαβ , which is similar to the asymmetric
Anderson model [9] of the SU(2) case. In the supple-
mentary material we give a more complete description
with no restriction on the ratio |ǫg|/Uαβ. In the exact
Uαβ → ∞ limit, the total number of electrons in the
dots is limited to zero or one, and the system (2) has a
SU(N) symmetry. The reason is that only states with
higher occupations are sensitive to the SU(N) breaking
by the different Uαβ’s but these occupations are never
reached. The system therefore flows to a SU(N) sym-
metric fixed point. In the physical finite Uαβ ≫ ǫg case,
the SU(N) symmetry breaking operators are marginal at
most:
∑
αβ λαβψ
†
αψβ with λαβ ∼ ǫg/Uαβ. In the supple-
mentary material we show that under a mild restriction
on the geometry of the dots we flow to a SU(N) symmet-
ric fixed point in the IR with no limitations on |ǫg|/Uαβ.
We have showed the feasibility of the the m = 1 case,
similar arguments can be used to show the feasibility of
the particle-hole symmetric m = N − 1 case.
Results: As double QD systems are available and triple
QD systems were also fabricated [23, 24] we focus on
systems that realize SU(2) and SU(3) Kondo models.
We first look at the UV limit (high temperature or bias
voltage) and later discuss the Kondo physics at the IR.
Special attention is given to the measurement of each
pseudo-spin/flavor independently. In order to measure
transport properties in one flavor we split an edge into
two different edges which are coupled to the same dot,
as drawn in Fig. 1d. In equilibrium, one linear combina-
tion of the two edge states is decoupled from the upper
dot and the orthogonal linear combination plays the role
of a single edge state that is coupled to the upper dot.
Transport is measured by applying a voltage difference
between the two edges allowing measurements of aver-
age current 〈I〉, zero frequency shot noise Sshot, and the
Fano factor F = Sshot2e〈I〉 of each flavor separately. Measur-
ing correlations between two flavors can be carried out
by splitting two edges as drawn in Fig. 1b, where we can
apply different bias voltages on different flavors.
UV description: We assume a constant density of
states ν in the edges and a very weak coupling be-
tween the dots and the edge states (ν|W |2 ≪ T, or
ν|W |2 ≪ Vbias), and use the rate equations method [25]
to calculate the conductivity and the current noise.
Figs. 2a, 2c plot the Coulomb peaks structures of the
SU(2) and SU(3) systems. Contrary to naive expecta-
tions, at finite temperature the outer peaks are not cen-
tered around ǫF , ǫF −U , in the N=2 case, or around ǫF ,
ǫF − 2U in the N=3 case. Due to the asymmetry be-
tween occupied and empty states near the outer peaks,
the peaks are shifted by T ln(N)/2. We discuss this point
in the supplementary material.
The Fano factor of a single spinful QD which is at-
tached to two spinful leads is 5/9 at the Coulomb peaks.
In the system of Fig. 1b it corresponds to applying the
same bias voltage on the two pseudo spins and measuring
the total current (I↑ + I↓). However, in the systems of
Figs. 1b and 1d, we can apply distinct bias voltages and
measure distinct currents for the different pseudo spins
or flavors. The Fano factors that we obtain are:
F2 = 7/9, F
o
3 = 7/8, F
c
3 = 11/18,
where F2 is the Fano factor near the N=2 Coulomb peaks,
and F o3 (F
c
3 ) is the Fano factor near a outer (central) peak
of the N=3 case. The Fano factor is related to the effec-
tive charge of the current pulses that cross the dots, it is
therefore counter-intuitive to find different Fano factors
in the total and single flavor currents. The difference is
a result of the zero frequency cross-correlations between
the different flavors. Using rate equations we find in the
N = 2 case:
S↑↓(0) ≡ lim
ω→0
ˆ
dteiωt2 (〈I↑(t)I↓(0)〉 − 〈I↑〉 〈I↓〉) (3)
= −
2πν|W |2e2
~
4
27
tanh
eV↑
4T
tanh
eV↓
4T
,
4where V↑,↓ are the pseudo-spin bias voltages. Similarly,
in the N=3 case, for α 6= β:
S
(i)
αβ(0) = −
2πν|W |2e2
~
R(i) tanh
eVα
4T
tanh
eVβ
4T
, (4)
where the index i = o, c labels a central (outer) peak,
and Ro = 1/16, Rc = 1/27.
The IR Kondo fixed point: In Figs. 2b,2d we de-
pict the zero temperature conductance of a single pseudo
spin/flavor in the N = 2, 3 cases. The conductance
was calculated using self consistent Hartree approxima-
tion. We average over the solutions of the self consis-
tent equations for the average occupations of the levels
[26]: nα =
1
2 −
1
π tan
−1 Ed+U(
∑
β 6=α nβ)
γ , where γ repre-
sents the identical width of the levels. The Friedel sum
rule and spin/flavor symmetry are then used to determine
the phase shift: δα = δ = π
∑N
α=1 nα/N and the conduc-
tance sin2(δ). Note that in our setup this phase shift can
be measured directly in a Mach-Zehnder interferometer.
Lets focus on the N=3 case (Fig. 2d): When the gate
voltage is tuned to have only a single electron or a single
hole in the three dots, the conductance is enhanced due to
the flavor-interaction and the Coulomb valleys disappear.
An unusual plateau is created instead of the three peaks
of the UV limit. As long as the dots are occupied by a
single electron or a single hole we find the conductivity:
GSU(3)−Kondo =
3
4
e2
h
. (5)
At the exact particle hole symmetric point, ǫg = ǫF −
U , we find a full e2/h conductivity and a sharp peak is
formed, indicating the larger symmetry.
Edge states cross-correlations in the Kondo limit: Fi-
nally, we will discuss the finite frequency flavors corre-
lations in the IR limit. The cross-flavors correlations
is a new observable made available by our realization,
whereas it is not experimentally accessible in most ex-
isting realizations of KE. This cross-flavors correlations
is of order ω/TK relative to the familiar large thermal
noise in the total flavor. For ω = 100MHz and TK ∼ 1K,
ω/Tk ∼ 1% which, being the only contribution in the
cross channel, can be readily observed.
Formally, we define Ji(x) =: ψ
†
i (x)ψi(x) : and:
Jc(x) =
N∑
i=1
Ji(x), ~J(N)(x) =
N∑
ij=1
: ψ†i (x)
~T
(N)
ij ψj(x) : ,
where N = 2, 3, ~T (2) are the three Pauli matrices and
~T (3) are the eight Gell-Mann matrices. The effective
Hamiltonians of the two systems are [7, 8, 27]:
H2 =
1
8π
ˆ
dx
(
J2c (x) +
1
3
~J2(2)(x) + λ2
~J2(2)(x)δ(x)
)
, (6)
H3 =
1
8π
ˆ
dx
(
J2c (x) +
3
8
~J2(3)(x) + λ3
~J2(3)(x)δ(x)
)
, (7)
with λN ∼ 1/Tk. We calculate the noise functions:
Sij(ω;x, x
′) =
ˆ
eiωt 〈{Ji(x, t), Jj(x
′, t′)}〉 . (8)
The noise functions receive O (ω/Tk) correction (i 6= j):
S
(N)
ii (ω;x, x
′) = e−iω(x−x
′)ω
π
coth
βω
2
(
1− iλ˜N
ω
π
Fxx′
)
,
S
(N)
ij (ω;x, x
′) =
iλ˜N
N − 1
e−iω(x−x
′)
(ω
π
)2
coth
βω
2
Fxx′ ,(9)
with Fxx′ = θ(x) − θ(x
′), N = 2, 3, λ˜2 = 6λ2 and λ˜3 =
32
3 λ3. Due to Fxx′ , Sij receive correction only if the two
currents are measured at two different sides of the dots.
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SUPPLEMENTARY MATERIAL
The feasibility of the SU(N) picture with finite
charging energies
We discuss the feasibility of the SU(N) picture, here
we do not require that ǫg ≪ Uαβ. We make a distinction
between two cases:
SU(N ≤ 3) Kondo: We arrange the dots on the ver-
tices of a triangle, such that the distances between pairs
of dots are roughly the same. We do not require that the
triangle be exactly equilateral. However, it is convenient
to start from this idealized case, and then verify that the
dynamics of the system does not change significantly in
the non strictly equilateral physical case. In the exactly
equilateral case Uαβ = U , the Hamiltonian:
HN =
∑
α=1...N
∑
k
ǫkψ
†
kαψkα + ǫg
∑
α
d†αdα
+
(
W
∑
α
∑
k
ψ†kαdα + h.c.
)
+
∑
α<β
Uαβd
†
αdαd
†
βdβ ,
is SU(N)×U(1) symmetric and the flow proceeds as we
discussed in the manuscript. Small deviations from the
point Uαβ = U can then be analyzed using the IR theory
where they are at most marginal.
SU(N ≥ 4) Kondo: Unlike the N ≤ 3 case, we can no
longer assume Uαβ = U because the distances between
the various pairs of dots, adjacent and non adjacent,
cannot be made approximately equal. We can however
arrange the dots on a two dimensional regular polygon
(RP), then Uαβ = Uα−β . In this case, the system has a
ZN symmetry (rotation by 2π/N) and a U(1)
N symme-
try associated with charge conservation of each flavor. In
the next paragraph we show that the ZN×U(1)
N symme-
try ensures that the SU(N) symmetric single occupation
5fixed point (m = 1 or m = N − 1) is attractive. In the
physical case, the ZN symmetry is not exact, neverthe-
less analyzing the IR fixed point shows that symmetry
breaking operators are marginal at most [28].
The stability of the fixed point in the ZN×U(1)
N sym-
metric case proceeds as follows: The general marginal
operator near the IR is of the form
∑
αβ λαβψ
†
αψβ . The
U(1) symmetry on each of the edges, i.e. charge conser-
vation in each subsystem, implies invariance under inde-
pendent multiplication of each ψα by a phase. Hence the
matric λαβ = λαδαβ . The ZN symmetry then enforces
that all the λα are equal. The only remaining permis-
sible operator, λ
∑
α ψ
†
αψα, does not break the SU(N)
symmetry. Since the SU(N) fixed point is attractive,
there is a finite range of UV couplings in which the the-
ory flows to this IR fixed point. In the physical case the
ZN×U(1)
N symmetry is approximate and the only exact
symmetry is total charge conservation which is the sum
of the N different U(1)s. This symmetry in enough to
exclude all the relevant operators in the theory (ψ and
ψ†). The allowed operators ψ†αψβ are marginal at most.
This picture explains the experimental results in [14]
and [17] where indications of SU(4) Kondo were obtained
starting from UV systems which lack the exact symme-
try. The picture is further supported by a perturbative
scaling analysis and by NRG computations for N = 4
[11], suggesting a large basin of attraction for this flow.
Coulomb peaks structure of the conductivity at
finite temperature
Figs. 2a, 2c of the manuscript plot the Coulomb peaks
structures of the conductivity of the SU(2) and SU(3)
systems. Contrary to naive expectations, at finite tem-
perature the outer peaks are not centered around ǫF ,
ǫF − U , in the N=2 case, or around ǫF , ǫF − 2U in the
N=3 case (ǫF = 0 in the plots). Focusing on the right
most peak, the conductivity through a dot α is propor-
tional to:
Gα ∼ (P0(ǫg) + Pα(ǫg))f(ǫg)(1− f(ǫg)), (10)
where P0 =
(
1 +Ne−ǫg/T
)−1
is the probability of finding
all the dots empty, Pα = (1−P0)/N is the probability of
finding an electron in the dot α (for T ≪ U) and f(ǫ) is
the Fermi Dirac distribution function of electrons in the
edges. The term (P0(ǫg) + Pα(ǫg)) does not have a par-
ticle hole symmetry at finite temperature, therefore the
peak is shifted from ǫF , in this case by T ln(N)/2. In the
SU(3) system the point ǫg = ǫF−U is a half-filling point;
the three dots are occupied on average by 3/2 electrons.
Due to particle hole symmetry, the Coulomb peaks struc-
ture is symmetric around ǫg = ǫF − U and the central
peak is pinned at this half-filling point.
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